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Two–point functions related to the pion weak decay constant fpi are calculated from
the generating functional of chiral perturbation theory in the mean field approxima-
tion and the heavy–baryon limit. The aim is to demonstrate that Lorentz invariance is
violated in the presence of background matter. This fact manifests itself in the split-
ting of both fpi and the pion mass into uncorrelated time– and space–like parts. We
emphasize the different in–medium renormalizations of the correlation functions, show
the inequivalence between the in–medium values of fpi deduced from Walecka–type
models, on the one hand, and QCD sum rules, on the other hand, and elaborate on
the importance for some nuclear physics observables.
The pion weak decay constant is introduced through the matrix element of the weak
axial current Jaµ,5 = q¯γµγ5
τa
2
q between the pion and the hadronic vacuum state,
〈0|q¯γµγ5
τa
2
q|πa〉 = ifπkµ , where q denotes the isospin quark doublet. It can also be
introduced via the axial–current–pseudoscalar (AP) two–point function TAPµ (where
P a ≡ q¯iγ5τ
aq is the pseudoscalar density) according to
TAPµ =
i
3
Gπ
∫
d4x eik·x〈0|TJaµ,5(x)π
a(0)|0〉 =
−iGπfπkµ
k2
, (1)
ifπ = lim
~k=0
k0→0
−kµTAPµ
Gπ
=
1
3
∫
d4x 〈0|[Ja0,5(x), π
a(0)]|0〉 = 〈0|[Qa5(0), π
a(0)]|0〉 , (2)
where Qa5(0) is the Fourier transform of the axial charge density J
a
0,5(x), Gπ ≡
〈0|q¯iγ5τ
aq|πq〉 is the vacuum coupling constant of the pseudoscalar density to the
pion, and CAC has been exploited. If one evaluates the commutator in Eq. (2) within
the linear σ model where [Qa5(0), π
b(0)] = −iσδab, one finds that fπ = −〈0|σ|0〉. Ob-
viously, it is the AP correlator that underlies the definition of fπ within the linear σ
model. Consider now the axial–current–axial–current (AA) correlator
TAAµ,ν =
i
3
∫
d4x eik·x〈0|TJaµ,5(x)J
a
ν,5(0)|0〉 = {gµνf
2
π +
kµkνf
2
π
m2π − k
2
} , (3)
and the related Gell-Mann–Oakes–Renner (GOR) correlator 1
lim
~k=0
k0→0
i
3
∫
d4x eik·x〈0|T∂µJaµ,5(x)∂
νJaν,5(0)|0〉 = −f
2
πm
2
π . (4)
∗Talk given at Int. Symp. Non-Nucleonic Degrees of Freedom Detected in Nucleus, Sept. 2-5, 1996
(Osaka, Japan)
The l.h.s. of Eq. (4) can furthermore be evaluated to give (mu+md)
2
〈0|u¯u+d¯d|0〉. From
this, the quantity fπ is now extracted as
f 2πm
2
π = −
mu+md
2
〈0|u¯u+d¯d|0〉 ≡ −2mq〈0|q¯q|0〉 . (5)
Obviously, the bare value of fπ is independent of the choice of the two–point function
used for its definition. This is not the case at finite matter densities, as the various
correlation functions have a different in–medium dependence. In exploiting the gen-
erating functional, eiZeff [s,p,vµ,aµ,η,η¯ ], of chiral perturbation theory (ChPTh) to order
O(Q2) in both the mean field (MF) approximation and the heavy-baryon formula-
tion we here present the analogous in–medium renormalized two–point functions. We
start with the chiral effective lagrangian relevant for the isoscalar low–energy πN
scattering (see Refs. 2,3 for notations, further references and details)
Leff = iN¯(v · ∂ − σN )N +
1
2
(∂µπ)
2 −
1
2
m2ππ
2
+
1
f 2π
{
1
2
σNπ
2 + c2(v · ∂π)
2 + c3(∂µπ)
2
}
N¯N + jaπa(1−
σNN¯N
f 2πm
2
π
) , (6)
where ja = 2Bfπp
a and B = −m2π/(mu+md). The presence of background matter
is taken into account by the replacement of N¯N in Leff with the matter density ρ.
Within this ChPTh scheme, the calculation of the in–medium two–point functions is
now a well–defined procedure, since Green functions are obtained by taking functional
derivatives of the generating functional with respect to the sources:
TAPµ =
δ2Zeff
δaaµ(−k)δp
a(k)
|a=v=p=0,s=M , T
AA
µ,ν =
δ2Zeff
δaaµ(−k)δa
a
ν(k)
|a=v=p=0,s=M
T PP =
δ2Zeff
δpa(−k)δpa(k)
|a=v=p=0,s=M . (7)
The latter correlation function leads to G2π/(m
2
π − k
2), and is thus associated with
the pion propagator. The in–medium T PP is then obtained as 3
i
3
∫
d4x eik·x〈0˜|TP a(x)P a(0)|0˜〉 = −
G∗π
2
k20 − γ(ρ)~k
2
−m∗π
2
,
G∗π
2 = G2π
(1− σNρ
f2πm
2
π
)2
1 + 2(c2+c3)ρ
f2π
, c2+c3 = −0.27 fm , c3 = −0.55 fm ,
m∗π
2 =
1− σNρ
f2πm
2
π
1 + 2(c2+c3)ρ
f2π
m2π , γ(ρ) =
1 + 2c3ρ
f2π
1 + 2(c2+c3)ρ
f2π
, σN = 0.228 fm
−1 . (8)
The pion field corresponding to the propagator in Eq. (8) with vacuum weight for
the k20 term is the so–called quasi–pion field φ˜
a
π, whereas the commonly used Migdal
field 5,1 (denoted by π˜a) corresponds to the case when the inverse propagator has the
form k2 − m2π − Π(k0,
~k ) with Π(k0, ~k ) standing for the pion self energy (see Ref.
1
for details). The relations of the quasi–pion and the Migdal field to the bare pion
field are φ˜aπ =
Gπ
G∗π
π˜a and π˜a = (1− σNρ
f2πm
2
π
)πa, respectively. Note that m∗π
2 from Eq. (8)
corresponds to the pole with respect to a purely time–like pion momentum and is
slightly enhanced (≈ 8%) at nuclear matter density, ρ0, over its bare value m
2
π. If
we had considered a purely space–like pion momentum there, the mass–pole would
be placed at m∗π
2 = −m2π(1−
σNρ
f2πm
2
π
)/(1+2c3ρ
f2π
) ≈ −4m2π . The absence of a common
mass–pole signals a violation of Poincare´ invariance in the presence of background
matter and indicates that the in–medium hadronic states are no longer eigenstates
to pµpµ. Similarly, the considered currents do not any longer transform according
to the {1
2
, 1
2
} representation of the Lorentz group O(3,1), but split into uncorrelated
charge (O(3) singlet) and space–like current (O(3) triplet) parts 5. The in–medium
AP–correlator evaluated along the line of ChPTh 4,1 reads
i
3
∫
d4x eik·x〈0˜|TJa0,5(x)P
a(0)|0˜〉 = Gπ
ik0fπ(1−
σNρ
f2πm
2
π
)
m∗π
2 − k20 + γ(ρ)~k
2 . (9)
Therefore the in–medium pion weak decay constant associated with TAP is now
fAPπ (ρ) = lim
~k→0;m∗π
2→0
ikµ
3Gπ
δ2ZMF
δaaµ(−k) δp
a(k)
|aµ=vµ=p=0,s=M = fπ
(
1−
σNρ
f 2πm
2
π
)
, (10)
which exactly reproduces the in–medium expectation value of the σ field in Walecka–
type models. Finally, the in–medium TAA00 is evaluated as
3
TAA00 (ρ 6= 0) = f
2
π
(
1 + 2(c2+c3)ρ/f
2
π
)(
1 + k20
{
m∗π
2 − k20 + γ(ρ)
~k
2
}−1)
. (11)
From that in combination with Eq. (5) and the in–medium version of (4) the in–
medium GOR relation follows as 3
f (t)π
2
m∗π
2 = −2mq〈0˜|q¯q|0˜〉 = f
2
πm
2
π
(
1−
σNρ
f 2πm
2
π
)
, f (t)π
2
= f 2π
(
1+
2(c2+c3)ρ
f 2π
)
. (12)
The in–medium pion weak decay constant f (t)π associated with the GOR relation is
in fact independent of the choice for the in–medium pion field 3. The question is
now which in–medium weak pion decay constant enters the various matrix elements
between the pion and the dense vacuum states. As function of the choice for the pion
(quasi–pion, Migdal’s) field, the following expressions hold at nuclear matter density
〈0˜|Jaµ,5|π˜
a〉 = (ifSπ k0, if
P
π
~k ) , fSπ = fπ
1 + 2(c2+c3)ρ
f2π
1− σNρ
f2πm
2
π
≈ 0.9fπ , (13)
fPπ =fπ
1+2c3ρ
f2π
1− σNρ
f2πm
2
π
≈
1
4
fπ , 〈0˜|J
a
0 |φ˜
a
π〉=fπ
√√√√1+2(c2+c3)ρ
f 2π
ik0 ≡ f
(t)
π ik0 . (14)
These equations show that one has to insist on the correct combination of the weak
pion decay constant and the pion propagator in calculating, say, the renormalization of
the amplitude gp=fπgπNN/(k
2−m2π) of the induced pseudoscalar part of the weak axial
nucleon current.For example, for a process of an almost pure space–like momentum
transfer (like ordinary muon capture) it is fPπ which should be combined with Migdal’s
propagator. In contrast to that for the case of an almost pure time–like momentum
transfer (like radiative muon capture) the allowed combinations are either fSπ with
Migdal’s propagator or f (t)π with the quasi–pion propagator. Finally, we would like to
evaluate the density dependence of the amplitude of the two–body (2b) axial charge
operator (see 6 for notations)
Ja0,5(2b) = C
ρ=0
MEC
∑
i 6=j
(~σi + ~σj) · rˆijY1(mπr)(~τi × ~τj)
a , Cρ=0MEC =
g2πNN m
2
π
8πgAm2N
. (15)
The only way to consistently evaluate the ρ dependence of Ja0,5(2b) is to express from
the beginning the various couplings entering CρMEC by means of QCD sum rules.
Manipulations in Cρ=0MEC by means of the Goldberger–Treiman (GT) relation, with the
aim first to work f 2π into the denominator and only then consider its ρ dependence,
lead to a spurious enhancement of the 2b–axial charge, because the GT relation is
not compatible with the functional dependence of gπNN on the quark condensate,
〈0|q¯q|0〉 = −1.48 fm−3. The dependence of gπNN , mN , and gA on 〈0|q¯q|0〉 follows
from QCD sum rules as 7
g2πNN
4π
= 25π3f 2π/m
2
N , m
3
N = −8π
2〈0|q¯q|0〉 , gA−1 ≈ 0.13 fm
6 〈0|q¯q|0〉2 ≈ 0.3 .
Inserting these quantities into Eq. (15) and in subsequently replacing the bare by the
in–medium quark condensate in accordance with Eq. (12), one finds Cρ=ρ0MEC/C
ρ=0
MEC ≈
(〈0|q¯q|0〉/〈0˜|q¯q|0˜〉)
1
3 = (1−σNρ/m
2
πf
2
π)
− 1
3 ≈ 1.15 . This result shows that the 40%
enhancement of CρMEC (needed to explain the acceleration of isovector first–forbidden
weak decays in the lead region) requires a strong presence of the scalar–isoscalar 2π–
exchange channel in the NN potential as suggested in 6. To conclude, we would like
to stress once more that it is crucial to evaluate the in–medium couplings without
violating Ward identities that have their roots in the current quark dynamics.
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